We study three-dimensional pseudo-Riemannian manifolds having distinct constant principal Ricci curvatures. These spaces are described via a system of differential equations, and a simple characterization is proved to hold for the locally homogeneous ones. We then generalize the technique used in [O. Kowalski, F. Prüfer, On Riemannian 3-manifolds with distinct constant Ricci eigenvalues, Math. Ann. 300 (1994) 17-28] for Riemannian manifolds and construct explicitly homogeneous and non-homogeneous pseudo-Riemannian metrics in R 3 , having the prescribed principal Ricci curvatures.
Introduction
A pseudo-Riemannian manifold (M, g) is homogeneous provided that, for any points p, q ∈ M, there exists an isometry φ such that φ(p) = q, it is locally homogeneous if there is a local isometry mapping a neighborhood of p into a neighborhood of q [19] . Pseudo-Riemannian homogeneous and locally homogeneous spaces are one of the most interesting research fields in pseudo-Riemannian geometry. Recently, many authors investigated the problem of extending several results concerning homogeneous Riemannian manifolds, to the more general framework of pseudoRiemannian geometry (in particular, to Lorentzian geometry).
A pseudo-Riemannian manifold (M, g) is curvature homogeneous up to order k if, for any points p, q ∈ M, there exists a linear isometry φ : T p M → T q M such that φ * (∇ i R(q)) = ∇ i R(p) for all i k. When k = 0, (M, g) is simply called a curvature homogeneous space. Clearly, a locally homogeneous space is curvature homogeneous of any order k. Conversely, if k is sufficiently high, curvature homogeneity up to order k implies local homogeneity. This E-mail address: giovanni.calvaruso@unile.it. 1 Supported by funds of MURST (PRIN) GNSAGA and the University of Lecce. 
Pseudo-Riemannian 3-manifolds with constant Ricci eigenvalues: general description
Let (M, g) be a connected three-dimensional pseudo-Riemannian manifold. We denote by ∇ the Levi Civita connection of (M, g) and by R its curvature tensor, taken with the sign convention
Since dim M = 3, its curvature tensor is completely determined by the Ricci tensor , defined, for any point p ∈ M and X, Y ∈ T p M, by Because of the symmetries of the curvature tensor, the Ricci tensor is symmetric [19] . Hence, the Ricci operator Q, defined by g(QX, Y ) = (X, Y ), is self-adjoint. In the Riemannian case, this fact implies that there exists an orthonormal basis diagonalizing Q, while for a Lorentzian manifold four different cases can occur ( [18, p. 261] , [4] ), and there exists a suitable pseudo-orthonormal basis {e 1 , e 2 , e 3 }, such that Q takes one of the following forms, called Segre types: .
Assume now (M, g
) is curvature homogeneous. Then, is easily seen that its Ricci operator Q has the same Segre type at every point p ∈ M and that, at least locally, there exists a pseudo-orthonormal frame field {e 1 , e 2 , e 3 } such that Q is given by one of the expressions above, whereā,b andc are constants. We shall refer to the eigenvalues of the Ricci operator as principal Ricci curvatures or, more briefly, Ricci eigenvalues. Throughout the paper, we shall deal with the diagonal case with three distinct principal Ricci curvatures, that is, we assume that, with respect to {e i }, we have
Following [8] , we now put 
) is curvature homogeneous, its scalar curvature r = tr is constant. The well-known divergence formula dr = 2 div [19] 
Then, putting c = −
, we have c = 0, −1 and we can rewrite (2.13) as follows:
We can now compute the components of the curvature tensor with respect to {e 1 } starting from (2.8). Then, (2.1) and (2.2) provide the components of the Ricci tensor and the Ricci eigenvalues, respectively. Via standard calculations, also taking into account (2.14), we get
We can express conditions (2.15)-(2.17) in a simpler form. In fact, putting (2.18)
we have that the Ricci principal curvatures {q i } determine the values of {λ i }, and conversely. Note also that
and so,
for all indices i, j . From (2.18) it follows that (2.15)-(2.17) are equivalent to (2.20) In order to give a complete local classification result, consider now two pseudo-Riemannian three-manifolds (M, g), (M , g ) which are solutions of (2.20)-(2.25). In other words, according to Theorem 2.1, (M, g) and (M , g ) are curvature homogeneous three-spaces, with diagonal Ricci operator and (constant) principal Ricci curvatures q 1 , q 2 and q 3 and so, they admit (at least, locally) pseudo-orthonormal frame fields {e 1 , e 2 , e 3 } and {e 1 , e 2 , e 3 } respectively, for which (2.20)-(2.25) hold. Then, we have the following
Theorem 2.2. A differentiable mapping f : M → M is an isometry if and only if
where ε i = ±1 for all i = 1, 2, 3.
Proof. The "if" part is obvious. As concerns the "only if" part, suppose that f is an isometry. Then, f must preserve the eigenspaces of the Ricci operator. Since the principal Ricci curvatures are distinct, these eigenspaces are onedimensional. Therefore, we must have f * (e i ) = ε i e i , where ε i = ±1, for all i = 1, 2, 3. 2 Remark 2.3. If only two Ricci eigenvalues are distinct, one of the eigenspaces of the Ricci operator is twodimensional. Hence, there exist infinitely many different pseudo-orthonormal frames of Ricci eigenvectors, and one can choose a special pseudo-orthonormal frame, for which some connection functions b i jk vanish [4] . A similar technique was also used for the non-diagonal case treated in [5] . Theorem 2.2 shows a greater rigidity and complexity for the case with three distinct Ricci eigenvalues.
We now determine a simple criterion to recognize locally homogeneous three-spaces, among all solutions of (2.20)-(2.25). We start by showing that pseudo-Riemannian three-manifolds, with distinct Ricci eigenvalues, are never locally symmetric. In fact, since all q i are distinct, by (2.11) we can conclude that (M, g) is locally symmetric (equivalently, Ricci-parallel) if and only if
) is flat. In particular, q 1 = q 2 = q 3 = 0 and this can not occur.
As the author proved in [8] , a three-dimensional locally homogeneous Lorentzian three-manifold is either locally symmetric or locally isometric to a Lie group, equipped with a left-invariant Lorentzian metric. The corresponding result for Riemannian manifolds was proved in [21] . Taking into account these results, we can now prove the following Proof. If (2.9) holds for some constants α, β, γ , κ, μ, σ , then by (2.10) we have that all b i jk are constant (at least, locally). Since the components of the Ricci tensor and of its derivatives of any order with respect to {e i } depend on b i jk , we have that (M, g) is curvature homogeneous up to any order k and so, it is locally homogeneous. Conversely, assume now (M, g) is locally homogeneous. As we already noticed, (M, g) is not locally symmetric. Hence, the main results of [8] and [21] imply that (M, g) is locally isometric to a three-dimensional Lie group G, equipped with a left-invariant pseudo-Riemannian metric. The Lie algebra g of G admits a pseudo-orthonormal basis {e 1 , e 2 , e 3 }, such that
for some real constants k 1 , . . . , k 9 . The conclusion then follows comparing (2.26) with (2.9). 2
The basic system of partial differential equations
Let (M, g) be a three-dimensional pseudo-Riemannian manifold, having a diagonal Ricci operator and constant distinct principal Ricci curvatures q 1 , q 2 and q 3 . Generalizing the technique used in [15] for the Riemannian case, we shall express Eqs. (2.20)-(2.25) via a system of partial differential equations for some functions of three variables, whose solutions permit to build explicitly pseudo-Riemannian metrics on R 3 with the curvature properties of (M, g).
We fix a point p ∈ M and consider a pseudo-orthonormal frame field {e 1 , e 2 , e 3 } as in Theorem 2.1. We then choose a surface S through p transversal to the lines generated by e 3 , a local coordinates system (w, x) on S and a neighborhood U p of p, sufficiently small that each q ∈ U p is situated on exactly one line generated by e 3 and passing through one pointq ∈ S.
Choose an orientation of S and define the coordinate function y in U p as the oriented distance of the point q from S along the corresponding line, that is,
where π : U p → S is the corresponding projection. We also define
In this way, a local coordinate system (w, x, y) is introduced in U p . Notice that e 3 = ∂ ∂y and the coframe {ω 1 , ω 2 , ω 3 } of {e 1 , e 2 , e 3 } must take the form
3)
Next, we introduce the connection forms on (M, g), putting
Connection forms completely determine the Levi Civita connection, because from (3.4) it follows
for all i, j . Moreover, from (2.6) we easily get
for all indices i. As concerns the curvature forms Ω i j , they are completely determined by the standard equations
Using (2.2) and taking into account (3.5) and (2.18), we obtain that (3.7) is equivalent to
(where we used ε 1 = ε 3 = 1 and put ε 2 = ε). We now use (3.3) in (3.6). After some routine calculations, also taking into account (2.7) and (2.14), we obtain that (3.6) is equivalent to the following system of nine partial differential equations:
where D, E, F are auxiliary functions, defined by
Starting from the connection functions b i jk of (Mg), system (3.9) permits to determine the functions A, . . . , H and so, to give explicit pseudo-Riemannian metrics on R 3 , with the same Levi Civita connection of (M, g). Notice that, conversely, if A, . . . , H are known, then by (3.9) we can determine the connection functions b i jk .
We now use (3.3) to express curvature conditions (3.8). Via some very long but standard calculations, we obtain that (3.8) is equivalent to the following system of differential equations:
where we put
In this way, we proved the following Theorem 3.1. Let A, B, C, D 
Remark 3.2.
A similar argument has been already used in [15] for the Riemannian case. We can refer to [15] for a more detailed description of how the corresponding equations for the connection and the curvature are obtained. Occasional changes of sign with respect to corresponding formulas in [15] are due to the different curvature convention and the different choice of the connection forms ω i j .
A class of non-homogeneous solutions
We now look for a special class of solutions of the systems of differential equations (3.9) and (3.12), obtained by making some assumptions which remarkably simplify these equations. Here we simply adapt to our systems the procedure already used in [15] . For this reason, we prefer not to include the detailed explanation of the assumptions below and to refer to [15] for more information.
First of all, we suppose that the connection functions b i jk are independent of the variable y (notice that, by Theorem 2.4, this condition is satisfied even when (M, g) is locally homogeneous). Moreover, we assume that the following formulas hold:
Assuming γ = 0, (4.2) permits to write μ in function of γ . Moreover, by its definition, c satisfies 1 + c < 0. If ελ 2 − γ 2 < 0 and we also require α > 0, then Eq. (4.3) permits to determine uniquely α in function of γ . We are now ready to state the following 
Proof. Because of (4.1)-(4.4) and taking into account (2.14), all connection functions are uniquely determined as functions of γ (in the case of α, since we assumed α > 0). Suppose now to choose a particular function γ , satisfying (4.4). Using (4.1)-(4.4), one can check that all curvature conditions expressed by (3.11) are satisfied by arbitrary functions A, B, G, H and by C, D uniquely determined by (4.5)
where we put f (γ ) = W 3 (different from zero, because of the last condition in (4.4)).
To complete the proof applying Theorem 3.1, we must check that also connection conditions (3.9) are satisfied, under suitable assumptions on A, B, G, H . By (4.1)-(4.3), (3.9) reduces to
Equations in the first and fifth rows of (4.6) are satisfied because of (4.5). Next, we can integrate equations in the second and third rows of (4.6) and then require that their solutions A, B, G, H also satisfy the remaining equations in (4.6) . In this way, we conclude that (4.6) is satisfied if and only if A, B, C, D, G, H for (3.9) and (3.11) . Note that A 0 and G 0 depend each from an arbitrary function of the variable w. Hence, from the proof of Theorem 4.1 it follows that for any choice of q 1 , q 2 , q 3 , there exists a family of curvature homogeneous pseudo-Riemannian metrics on R 3 , with Ricci eigenvalues q i , formally depending on two functions of two variables and two more functions of one variable.
It should be noted that because of Theorem 2.4, all the solutions given in Theorem 4.1 are non-homogeneous, because (4.4) implies that γ is not constant. It is also worthwhile to emphasize that two of such solutions, obtained starting by two different functions γ = b 1 23 , are never (locally) isometric. In fact, Theorem 2.2 implies that two locally isometric curvature homogeneous pseudo-Riemannian three-manifolds (M, g) and (M , g ), with respect to the suitable frames {e i } and {e i }, necessarily have the same connection functions (at most, up to sign).
We now end this section by exhibiting, for any choice of the triplet (q 1 , q 2 , q 3 ), an explicit pseudo-Riemannian metric on R 3 , having q i as Ricci eigenvalues. In fact, a straightforward calculation proves the following 
are solutions of (3.9) and (3.11). So, (3.3) and (4.8) determine explicitly a (non-homogeneous) curvature homogeneous pseudo-Riemannian metric g on R 3 , having Ricci eigenvalues q i .
Homogeneous solutions
We shall now exhibit locally homogeneous pseudo-Riemannian metrics on R 3 , with prescribed distinct Ricci eigenvalues. As we noticed in Section 2, a locally homogeneous pseudo-Riemannian three-manifold with distinct Ricci eigenvalues (and diagonal Ricci operator) is locally isometric to a three-dimensional Lie group, equipped with a left-invariant pseudo-Riemannian metric. Three-dimensional Lie groups, admitting a left-invariant Riemannian metric, have been completely classified in [18] , where their curvature has also been described. The classification in the Lorentzian case can be obtained by combining the results of [11] and [20] . A unified presentation of three-dimensional Lie groups with left-invariant Lorentzian metrics is given in [8] , while [9] provides the description of their curvature.
In constructing homogeneous solutions of (3.9) and (3.11), we shall start from two distinct sets of conditions on the connection coefficients, corresponding to a locally homogeneous pseudo-Riemannian manifold locally isometric to a unimodular and a non-unimodular three-dimensional Lie group, respectively. Since the Ricci operator of a Riemannian manifold is always diagonalizable, these choices cover all possibilities in the Riemannian case. Referring to the classification given in [8] for the Lorentzian case, Lie groups having a unimodular Lie algebra of type g 3 , as well as a non-unimodular Lie algebra either of type g 5 or g 6 , are also included.
Unimodular case. We start from the following assumption:
Note that by (5.1) and (2.14) we also have ν = τ = ψ = 0. Taking into account (2.9), (5.1) is then equivalent to requiring that
where we put k 1 = εσ − μ, k 2 = γ + σ and k 3 = εγ − μ. Every Riemannian three-manifold locally isometric to a unimodular Lie group admits (at least, locally) an orthonormal frame satisfying (5.2) [18] . The same property holds for Lorentzian three-manifolds locally isometric to a unimodular Lie group having a Lie algebra of type g 3 [8, 20] . If (5.1) holds, then (3.12) reduces to
and so, (3.11) becomes
Next, again by (5.1), the Ricci eigenvalues are given by
It is interesting to remark that when (5.1) holds, γ, μ, σ determine uniquely the Ricci eigenvalues via (5.4), and conversely. So, prescribing the Ricci eigenvalues is now equivalent to prescribe the Levi Civita connection of (M, g). Notice also that connection functions γ, μ, σ (equivalently, constants k i ) are not completely arbitrary, since all q i must be distinct. In particular, if k i = 0 for some i, then necessarily k j k h = 0 for j = i = h, otherwise by (5.1) and (5.4) the Ricci eigenvalues can not be all distinct. Because of (5.4) and taking into account (2.18), it is easy to check that
Therefore, all Eqs. (5.3) reduce to identities, that is, under the assumption (5.1), curvature conditions (3.11) are always satisfied. We now turn our attention to the connection equations (3.9). Again by (5.1), we obtain that (3.9) reduces to
It is rather easy to find solutions of system (5.5). By the last two equations of (5.5), we get that G and H only depend on w and x. Moreover, differentiating by y the equations in the second row of (5.5) and using the equations in the fourth row, we get at once One can now solve explicitly (5.6) and (5.7), for the different possibilities given by the sign of η, and then check when these solutions also satisfy the remaining equations of (5.5). Note that, because of (3. Non-unimodular case. We now start by assuming that connection functions satisfy (5.14)
Indeed, we only need a special case of (5.14). 
The Lie algebra of any three-dimensional non-unimodular Riemannian Lie group admits an orthonormal basis satisfying (5.15) [18] . Moreover, it is easily seen that also Lorentzian Lie groups having a non-unimodular Lie algebra of type either g 5 or g 6 satisfy (5.15), with respect to a suitable pseudo-orthonormal basis {e 1 , e 2 , e 3 }: starting from the description of g 5 and g 6 given in [8] , it suffices to rearrange suitably the vectors of the pseudo-orthonormal bases of these Lie algebras. Routine calculations show that if (5.15) holds, then the Ricci operator is diagonal, and the Ricci eigenvalues are given by (5.16)
(we can refer to [18] and [9] for more details). Proceeding as in the unimodular case, one can check that (3.12) now reduces to
and so, all curvature equations (3.11) are satisfied. As concerns the connection equations (3.9), because of (5.15) they become
In order to provide some explicit solutions of (5.17), a straightforward calculation proves the following In [14] , Kowalski and Nikčević found necessary and sufficient conditions for three real constants q 1 , q 2 , q 3 to be the principal Ricci curvatures of some three-dimensional locally homogeneous Riemannian space. Restricting ourselves to the case of three distinct real numbers q 1 , q 2 , q 3 and adapting the technique used in [14] , we can easily determine the signatures of the Ricci forms which can occur for a locally homogeneous pseudo-Riemannian three-manifold (with diagonal Ricci operator). Hereby we briefly explain how to determine such signatures, referring to [14] as a basic model for the argument used.
In Section 2 we proved that a locally homogeneous pseudo-Riemannian three-space, with diagonal Ricci operator and distinct Ricci eigenvalues, can not be locally symmetric and so, is locally isometric to a (either unimodular or nonunimodular) Lie group, equipped with a left-invariant pseudo-Riemannian metric. Consider now an arbitrary triplet (q 1 , q 2 , q 3 ) of distinct real numbers. Starting from (5.4), we can conclude that q i = 0 for all i is a necessary and sufficient condition for the existence of a pseudo-Riemannian Lie group G with Lie algebra (5.2), having q 1 , q 2 , q 3 as Ricci eigenvalues.
Suppose now that (just) one of q i vanishes. In this case, a unimodular pseudo-Riemannian Lie group having q 1 , q 2 , q 3 as Ricci eigenvalues can not exist. On the other hand, (5.16) implies that the Ricci eigenvalues satisfy q 2 + q 3 < 0 and so, at least one of q 2 and q 3 is negative. In this case, it is possible to prove that there exists a threedimensional non-unimodular Lie group G, equipped with a left-invariant Lorentzian metric g, having diagonal Ricci operator and q 1 , q 2 , q 3 as Ricci eigenvalues. Hence, and using Theorem 5.2 from [14] in the Riemannian case, we see that the only signature which could not occur for the Ricci form is (+, +, 0). So, we obtained the following Remark 5.5. From the classification of three-dimensional Riemannian [18] and Lorentzian [11, 20] Lie groups it follows that, both in the unimodular and non-unimodular cases, they are determined by a finite number of independent parameters. In Section 2 we proved that a locally homogeneous three-space, with diagonal Ricci operator and distinct Ricci eigenvalues, is locally isometric to one of such Lie groups. Hence, these locally homogeneous pseudoRiemannian three-spaces depend, up to local isometries, on a finite number of real parameters.
In particular, as affirmed in Theorems 5.1 and 5.2, starting from a fixed set of coefficients (determining the homogeneous model via its Lie algebra), we get locally homogeneous pseudo-Riemannian metrics, with the prescribed Ricci eigenvalues, which formally depend on arbitrary functions, but are indeed locally isometric to one another. 
